Abstract. In this paper, we prove that a complex Finsler manifold is a complex locally Minkowski space if and only if it is a strictly Kähler-Berwald manifold with zero holomorphic sectional curvature.
Introduction
Recently, more and more people have been attracted to the study of Finsler geometry. The study of Finsler spaces has many applications in physics and biology. In complex Finsler geometry, people think the notion of Kähler-Finsler metrics is the extension of the Kähler metrics. Actually, the Kähler-Berwald metrics may be the closest non-Hermitian complex Finsler metrics to the Kähler metrics. Therefore, to explore the properties of the Kähler-Finsler metrics and the Kähler-Berwald metrics is one of the most important tasks in complex Finsler geometry.
Here we will describe the characterization of the Kähler-Berwald manifolds with zero holomorphic sectional curvature.
Main Theorem. Let F be a complex Finsler metric on a complex manifold M . Then it is a complex locally Minkowski metric if and only if it is a strictly Kähler-Berwald metric with vanishing holomorphic sectional curvature.
A complex Finsler metric is a strictly Kähler-Finsler metric in the sense that it is a Kähler-Finsler metric satisfying the following condition on the torsion of the induced Chern-Finsler connection by F :
where H refer to the (1, 0)-part of complex horizontal bundle. M. Abate and G. Patrizio [1] have ever used this condition to discuss those complex Finsler metrics with nonpositive constant holomorphic sectional curvature. Notice that it is different from the definition of a strongly Kähler-Finsler metric. A special case of the main theorem has been proved by the second author [13, 14] with a stronger assumption.
Here we refer to [1] and [13] for all other definitions and notations.
Proof of the main theorem
From now on, we assume F is a strictly Kähler-Berwald metric on a complex manifold M with zero holomorphic sectional curvature. Using the coefficients Γ α β;γ , we define the complex Berwald connection:
The curvature forms of D are
γ . Under local coordinate system, we can write
where
δz ν ] = 0. We know from [1, 3, 12] that the holomorphic sectional curvature of (M, F ) is
where X ∈ T p M, p ∈ M , and X = y +ȳ, y ∈ T is independent on y.
Let ∇ be the Chern-Finsler connection associated to F . In local coordinates, the curvature operator of ∇ is given by
The notations here are similar to [1] .
Since (M, F ) is with zero holomorphic sectional curvature, then
Under local coordinates, it is
Furthermore, by (1.4) in [3] ,
Notice that K βσµν = K µσβν , so we have
Differentiating onȳ for both sides of (3), it turns into We use the same convention as [13] : Lowercase greek indices will run from 1 to n, whereas lowercase roman indices will run from 1 to 2n.
We write ω (5) and (6) in [13] . It is easily known that D can be looked as the complexified linear extension ofD.
The curvature form ofD is 
z2 M 2 , and k > 1 is a positive integer. We have known in [5] that F ε is a strongly pseudoconvex complex 
